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1. INTRODUCTION
In this paper the existence of solutions is studied for the boundary value
problem
p t x9 9 q f t , x s h t , 1.1Ž . Ž . Ž . Ž .Ž .
x 0 cos a y p 0 x9 0 sin a s 0, 1.2Ž . Ž . Ž . Ž .
x 1 cos b y p 1 x9 1 sin b s 0, 1.3Ž . Ž . Ž . Ž .
w x Ž .where p: 0, 1 “ R is a positive absolutely continuous function, f : 0, 1 =
w x 1Ž .R “ R is a Caratheodory function 5 , and h g L 0, 1 ; a , b g R are fixed
Ž . w xwith 0 F a - p , 0 - b F p . A function x t on 0, 1 is said to be a
Ž . 1Ž . Ž . Ž .solution of 1.1 if x0 g L 0, 1 and 1.1 is satisfied for a.e. t g 0, 1 . We
shall give some equivalent conditions to the solvability of problem
Ž . Ž .1.1 ] 1.3 for all functions f satisfying
a t F lim inf f t , x rx F lim sup f t , x rx F b t 1.4Ž . Ž . Ž . Ž . Ž .
x“‘ x“‘
Ž . 1Ž .uniformly for a.e. t g 0, 1 , where a, b g L 0, 1 .
The results are inspired by and improve the one recently given by Wang
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w xand Li 1 . In that paper the authors study the Picard boundary value
problem
x0 q f t , x s h t 1.5Ž . Ž . Ž .
x 0 s x 1 s 0 1.6Ž . Ž . Ž .
Ž .with h t s 0, and by making use of the optimal control theory they prove
2 2 Ž .2 2that for every A, B g R with k p - A - k q 1 p - B, where k is a
Ž .2 2positive integer, there exists a number M F k q 1 p , which depends
w xonly on A and B such that, if f , f : 0, 1 = R “ R continuous, A Fx
Ž . Ž . w xf t, x F b t F B for t g 0, 1 , x g R, andx
1
b t dt - M , 1.7Ž . Ž .H
0
Ž .Ž .then problem 1.5 1.6 has a unique solution. Moreover, the authors claim
that their result is an optimal one in the sense that for every M as
‘Ž . Ž .mentioned above there exists b g L 0, 1 satisfying A F b t F B forM M
w x 1 Ž .a.e. t g 0, 1 and H b t dt G M such that problem0 M
x0 q b t x s 0Ž .M
x 0 s x 1 s 0Ž . Ž .
has nontrivial solutions.
Ž .It should be pointed out that condition 1.7 is not necessary for the
Ž . Ž . w xsolvability of problem 1.1 ] 1.3 . In fact, from 2, Theorem we know that
for every positive small number d and positive integer k if
2 22 2k q d p k q 1 y d pŽ . Ž .
F f t , x F for t g 0, t , x g RŽ . Ž .x 12 24 t 4 t1 1
1.8Ž .
and
2 22 2k q d p k q 1 y d pŽ . Ž .
F f t , x F for t g t , 1 , x g RŽ . Ž .x 12 24 1 y t 4 1 y tŽ . Ž .1 1
1.9Ž .
Ž .Ž .then problem 1.5 1.6 has a unique solution. But, if we denote the right
Ž .Ž . Ž . w xhand terms of inequalities 1.8 1.9 by b t on 0, 1 , it follows that
2 2k q 1 y d pŽ .1 2 2b t dt s ) k q 1 p 1.10Ž . Ž . Ž .H 4 1 y t tŽ .0 1 1
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1 Ž .as t / is fixed and d is sufficiently small. Hence, condition 1.7 cannot1 2
Ž .Ž . Žinclude conditions 1.8 1.9 and in the latter we give an example Example
. 1 Ž .2 to show that H b t dt can be sufficiently large. Therefore, seeking0
Ž . Ž .Ž .solvability conditions including both 1.7 and 1.8 1.9 for problem
Ž .Ž .1.5 1.6 seems to be an important and difficult work. However, such
conditions can be obtained from one of the main results of this paper
Ž .Theorem 1 . In fact, using Theorem 1 we can give concrete generaliza-
Ž .Ž . Ž .tions of 1.8 1.9 Corollary 5 . Therefore, these two results are special
cases of Theorem 1.
Ž . Ž w xCondition 1.4 has been used by many authors see 6, 9, 10, 12, 13 , and
. w xthe references therein . For example, in 1981 Mawhin and Ward 6
discussed nonlinear elliptic BVPs. Assuming that problem
p t x9 9 q c t x s 0Ž . Ž .Ž .
x 0 s x 1 s 0Ž . Ž .
Ž .has a nontrivial solution with exactly n zeros on 0, 1 , and problem
p t x9 9 q d t x s 0Ž . Ž .Ž .
x 0 s x 1 s 0Ž . Ž .
Ž .has a nontrivial solution with exactly n q 1 zeros on 0, 1 , as a one
Ž .Ž .dimensional special case, the authors showed that problem 1.1 1.6 has at
least one solution provided that
c t y d t s const, a.e. t g 0, 1 , 1.11Ž . Ž . Ž . Ž .
Ž .and c - a F b - d, where a, b satisfy 1.4 . As a generalized version we
Ž .will remove condition 1.11 in this paper.
w xIn 1989, Habets and Metzen 9 discussed PBVP,
x0 q cx9 q f t , x s 0Ž .
x 0 y x 1 s 0 s x9 0 y x9 1 ,Ž . Ž . Ž . Ž .
and proved the solvability provided that
a"F lim inf f t , x rx F lim sup f t , x rx F b" t 1.12Ž . Ž . Ž . Ž .
x“"‘ x“"‘
Ž . q y q y ‘Ž .uniformly for a.e. t g 0, 1 , where a , a , b , b g L 0, 1 are such that
a"F k "F b" 1.13Ž .
EQUIVALENT CONDITIONS FOR SOLVABILITY 207
q y q y ‘Ž . " " "for some k , k g R, and for every q , q g L 0, 1 with a F q F b ,
problem
x0 q cx9 q qq t xqy qy t xys 0 1.14Ž . Ž . Ž .
x 0 y x 1 s 0 s x9 0 y x9 1 1.15Ž . Ž . Ž . Ž . Ž .
has only the trivial solution.
By making use of a method similar to this paper, we will show, in a
future paper, that the coincidence degree of the relative operators is
Ž .Ž .nonzero if problem 1.14 1.15 has no nontrivial solutions, and therefore
Ž .condition 1.13 can be removed. In a similar way, some main results of
w x10, 13 will also be improved. However, even if
x0 q qq t xqy qy t xys 0Ž . Ž .
x 0 s x 1 s 0Ž . Ž .
has only the trivial solution, the coincidence degree of the related opera-
tors is not necessarily zero. This fact adds some difficulty to the solvable
Ž .Ž . Ž .discussions of problem 1.5 1.6 under condition 1.12 . We shall discuss
this problem in the near future and the present paper can be seen as a
beginning.
Our paper is organized as follows. In Section 2 we introduce the
Ž Ž . .concepts of generalized resonant points and q g H p, 0, 1 , a , b , whichn
 2 24 Ž .Ž .are generalized forms of the resonant points n p of problem 1.5 1.6 .
Ž .We then prove the main result Theorem 1 . It will be found that these
concepts are crucial to the statements of the theorem. In the end we give
Ž . Ž .some other equivalent results for the solvability of problem 1.1 ] 1.3
Ž .under conditions such as 1.4 . In Section 3, as applications of Theorems 1
and 2, we give sufficient conditions of the existence of solutions of some
Ž . Ž .special cases of problem 1.1 ] 1.3 . At first we consider problem
x0 q kx9 q f t , x s h tŽ . Ž .
x 0 s x 1 s 0.Ž . Ž .
By piecewise constant generalized resonant points we obtain some exis-
Ž . Ž .Ž .tence results Corollaries 1 and 2 . Then we focus on problem 1.5 1.6
and give several sufficient conditions associated with the existence of the
Ž .solutions Corollaries 3]10 . All the results are based on the finding of
generalized resonant points concretely or abstractly.
2, 1Ž . Finally, let us make a remark about our notation. Denote W 0, 1 s x:0
w x < 1Ž . Ž .Ž . 4 1Ž .0, 1 “ R x0 g L 0, 1 , and 1.2 1.3 are satisfied . For a, b g L 0, 1 ,
Ž . Ž . w x Ž .denote a t F b t , for a.e. t g 0, 1 by a F b, denote a F b and a t -
Ž . 1Ž .b t on a subset with positive measure by a - b. We say, a, b g L 0, 1
cannot be compared if neither a F b nor b F a.
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2. GENERALIZED RESONANT POINTS AND
MAIN RESULTS
In this section we define generalized resonant points and use them to
give some equivalent conditions associated with the existence of solutions
Ž . Ž .to problem 1.1 ] 1.3 .
Consider the homogeneous equation
p t x9 9 q q t x s 0. 2.1Ž . Ž . Ž .Ž .
1Ž .DEFINITION 1. A function q g L 0, 1 is called a generalized resonant
Ž .Ž .Ž .point of 2.1 1.2 1.3 if the problem has a nontrivial solution.
Ž . Ž .Ž .Ž .Remark. When p t s 1, a s 0, and b s p , problem 2.1 1.2 1.3
reduces to
x0 q q t x s 0, 2.2Ž . Ž .
x 0 s x 1 s 0. 1.6Ž . Ž . Ž .
Ž .Ž .It is well known that x s sin np t is a nontrivial solution of 2.2 1.6 when
Ž . 2 2 2 2q t is replaced by n p , and hence n p is a generalized resonant point
Ž .Ž .of 2.2 1.6 for every positive integer n.
1Ž . Ž .Ž .Ž .LEMMA 1. If q g L 0, 1 is a generalized resonant point of 2.1 1.2 1.3 ,
then the nontri¤ial solution is unique up to a multiplicati¤e constant.
Ž wProof. The result follows from the Lagrange Identity see 7, pp.
x.326]327 .
From this lemma we can give the following
Ž Ž . .DEFINITION 2. We denote q g H p, 0, 1 , a , b for some nonnegativen
1Ž .integer n if q g L 0, 1 is a generalized resonant point and the relative
Ž .nontrivial solution has exactly n zeros on 0, 1 .
Ž .2 2Remark. From the remark of Definition 1 we have n q 1 p g
Ž Ž . .H 1, 0, 1 , 0, p for every nonnegative integer n.n
The following example shows that for every two nonnegative integers
Ž Ž . . Ž Ž . .n ,n there exist q g H 1, 0, 1 , 0, p , q g H 1, 0, 1 , 0, p such that1 2 1 n 2 n1 2
q and q cannot be compared.1 2
EXAMPLE 1. Consider the following problem
x0 q v 2 x s 0, t g t , t , 2.3Ž . Ž .i iy1 i
x 0 s x 1 s 0, 1.6Ž . Ž . Ž .
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Ž .where i s 1, 2, v ) 0, v ) 0, t g 0, 1 is fixed, and t s 0, t s 1.1 2 1 0 2
Ž .Ž .Obviously, the solution of 2.3 1.6 can be written as
x t s c sin v t , t g 0, tŽ . Ž .1 1 1
s c sin v 1 y t , t g t , t ,Ž . Ž .2 2 1
where c and c satisfy1 2
c sin v t s c sin v 1 y tŽ .1 1 1 2 2 1
v c cos v t s yv c cos v 1 y t .Ž .1 1 1 1 2 2 2 1
Ž .Ž .Therefore, 2.3 1.6 has a nontrivial solution if and only if
v sin v t cos v 1 y t q v cos v t sin v 1 y t s 0. 2.4Ž . Ž . Ž .2 1 1 2 1 1 1 1 2 1
In particular, if
2np
2q t s q t s v s for t g 0, tŽ . Ž . Ž .n 1 1ž /t1
2np
2s v s for t g t , 1 ,Ž .2 1ž /1 y t1
Ž .Ž .then 2.3 1.6 has a nontrivial solution
x t s v sin v t , t g 0, tŽ . Ž .2 1 1
s v sin v 1 y t , t g t , 1 .Ž . Ž .1 2 1
Ž Ž . .Hence, q g H 1, 0, 1 , 0, p . But the range of q covers intervaln 2 ny1 n
Ž 2 2 . Ž . Ž .2 2n p , q‘ for t g 0, 1 . Thus, generally speaking, q and k q 1 p1 n
Ž .2 2cannot be compared for k s n, n q 1, . . . , even though k q 1 p g
Ž Ž . .H 1, 0, 1 , 0, p .k
We now state the main result of this paper.
1Ž .THEOREM 1. Let a, b g L 0, 1 with a F b, then for e¤ery Caratheodory
w x Ž . 1Ž .function f : 0, 1 = R “ R satisfying 1.4 and e¤ery h g L 0, 1 , problem
Ž . Ž .1.1 ] 1.3 has at least one solution if and only if either for some nonnegati¤e
Ž Ž . . Ž Ž . .integer n there exist c g H p, 0, 1 , a , b , d g H p, 0, 1 , a , b suchn nq1
Ž Ž . .that c - a and b - d, or there exists e g H p, 0, 1 , a , b such that b - e.0
To finish the proof we need first to introduce some lemmas. Consider the
initial ¤alue condition
x 0 s sin a , p 0 x9 0 s cos a . 2.5Ž . Ž . Ž . Ž .
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Ž .Ž . Ž . w xIt is clear that problems 2.1 2.5 ha¤e a unique solution x t on 0, 1 in ¤iew
of Lemma 1. Let us introduce the famous Prufer transformation
x1r22 2 2r s x q p x9 , f s arctan ,Ž .
px9
Ž . Ž .which gi¤es an equi¤alent form of 2.1 and 2.5 as follows:
1
2 2f9 s cos f q q t sin f , f 0 s a , 2.6Ž . Ž . Ž .
p tŽ .
1
r9 s y q t y r sin f cos f , r 0 s 1.Ž . Ž .ž /p tŽ .
Ž .It will be found that 2.6 is ¤ery crucial to our discussion. Hence, we first gi¤e
1Ž .some results about it. In ¤iew of Lemma 1, for e¤ery q g L 0, 1 and a g R,
Ž . Ž . Žproblem 2.6 has a unique solution f s f t, q, a this notation will be used
.frequently in what follows .
Ž Ž . .LEMMA 2. q g H p, 0, 1 , a , b if and only if the unique solution ofk
Ž . Ž .2.6 satisfies f 1, q, a s kp q b.
w xProof. Similar to the proof of 7, Chap. XI, Lemma 3.1 .
1Ž . < Ž . < Ž .LEMMA 3. Let q, q g L 0, 1 satisfy q t F q t for n s 1, 2, 3, . . . ,n n
w x Ž . Ž . w xand a.e. t g 0, 1 , q t “ q t for a.e. t g 0, 1 , and a “ a . Then wen n
ha¤e
f t , q , a “ f t , q , a as n “ ‘Ž . Ž .n n
w xuniformly for t g 0, 1 .
w xProof. Similar to the proof of 7, page 4, Theorem 2.4 .
1Ž . Ž .LEMMA 4. Let q , q g L 0, 1 satisfy q F q , then f t, q , a F1 2 1 2 1
Ž . w x Ž .f t, q , a for t g 0, 1 . In addition, if q - q , then f t, q , a -2 1 2 1
Ž .f t, q , a .2
Ž .Proof. Let f t be the unique solution of problemn
1 1
2 2f9 s cos f q q t sin f q , f 0 s a .Ž . Ž .2p t nŽ .
Ž .In a way similar to the proof of Lemma 2 we can show that f t “n
Ž . w xf t, q , a uniformly for t g 0, 1 . Therefore we need only to show that2
for every fixed positive integer n
w xf t , q , a - f t for t g 0, 1 .Ž . Ž .1 n
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Ž x Ž . Ž .If not, there exists t g 0, 1 such that f t , q , a ) f t . By the1 1 1 n 1
Ž . Ž . w .continuity and f 0 s a s f 0, q , a , there exists t g 0, t such thatn 1 0 1
Ž . Ž .f t , q , a s f t and0 1 0 0
f t , q , a ) f t for t g t , t . 2.7Ž . Ž . Ž Ž .1 n 0 1
But
1 1
X 2f t y f9 t , q , a s cos f t y cos f t , q , a qŽ . Ž . Ž . Ž .n 1 n 1p t nŽ .
2 2q q t sin f t y sin f t , q , aŽ . Ž . Ž .2 n 1
2q q t y q t sin f t , q , a .Ž . Ž . Ž .2 1 1
Ž xTherefore, there exists t* g t , t such that0 1
X w xf t y f9 t , q , a ) 0 for a.e. t g t , t* ;Ž . Ž .n 1 0
Ž .this contradicts 2.7 .
Ž . Ž . Ž .If q - q , we have f t , q , a - f t , q , a for some t g 0, 1 ,1 2 0 1 0 2 0
Ž . Ž .otherwise we have f9 t, q , a s f9 t, q , a and hence q s q . Denote1 2 1 2
Ž .f t be the unique solution of problem
1
2 2f9 s cos f q q t sin f , f 0 s f t , q , a .Ž . Ž . Ž .1 0 2p tŽ .
In view of the uniqueness of solution and the former result, we have
w xf t , q , a G f t ) f t , q , a for t g t , 1 ,Ž . Ž . Ž .2 1 0
Ž . Ž .and in particular f 1, q , a ) f 1, q , a . The proof is complete.2 1
Ž Ž . .LEMMA 5. If q g H p, 0, 1 , a , b , i s 1, 2 such that q F q , theni n 1 2i
n F n . In addition, if q - q , then n - n .1 2 1 2 1 2
Proof. From Lemma 3 it follows that
b q n p s f t , q , a F f t , q , a s b q n p .Ž . Ž .1 0 1 0 2 2
Ž . Ž .Hence, n F n . In addition if q - q , then f 1, q , a - f 1, q , a , and1 2 1 2 1 2
hence, n - n . The proof is complete.1 2
1Ž . Ž .LEMMA 6. Let q , q g L 0, 1 such that q F q and f 1, q , a - kp1 2 1 2 1
Ž .q b - f 1, q , a for some nonnegati¤e integer k. Then there exists q g2
Ž Ž . .H p, 0, 1 , a , b such that q - q - q .k 1 2
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w x Ž . Ž Ž . .Proof. For l g 0, 1 let u l s f 1, lq q 1 y l q , a . By Lemma2 1
Ž . Ž . Ž .3, u l is a continuous function of l. Note that u 0 s f 1, q , a - kp q1
Ž . Ž . Ž . Ž .b and u 1 s f 1, q , a ) kp q b , there exists l g 0, 1 such that u l2
Ž .s kp q b. Hence we can choose q s lq q 1 y l q , and at this time2 1
Ž Ž . .q g H p, 0, 1 , a , b .k
We are now in a position to prove our main result.
Proof of Theorem 1. Necessarity. If the result does not hold, then
from Lemmas 2 and 4 there exists a nonnegative integer k such that
Ž . Ž .f 1, a, a F kp F f 1, b, a . By Lemma 6 there exists q g
Ž Ž . . Ž .H p, 0, 1 , a , b such that a F q F b. Let x t be the relative nontrivialk
Ž . Ž . Ž . Ž .solution and denote f t, x s q t x y x t , then 1.4 is satisfied. But
Ž . Ž . Ž .problem 1.1 ] 1.3 has no solution. In fact if x t is a solution of
p t x9 9 q q t x s x tŽ . Ž . Ž .Ž .
Ž .Ž .and 1.2 1.3 . Using the Lagrange Identity we have
11 2p xx9 y x9x s y x t dt / 0. 2.8Ž . Ž . Ž .H0
0
Ž . Ž . Ž . Ž .Since x t and x t satisfy boundary conditions 1.2 and 1.3 , then the left
Ž .term of 2.8 vanishes. Thus, the necessarity is proved.
Ž Ž . .Sufficiency. We only prove that c g H p, 0, 1 , a , b , d gn
Ž Ž . . Ž .H p, 0, 1 , a , b with c - a F b - d and 1.4 ensures the solvabilitynq1
Ž . Ž .of problem 1.1 ] 1.3 since the other part follows in a similar way.
By Lemmas 2 and 4 we have
b q np s f 1, c, a - f 1, a, a F f 1, b , a - f 1, d , aŽ . Ž . Ž . Ž .
s b q n q 1 p .Ž .
In view of Lemma 3 there exists e ) 0 such that
b q np - f 1, a y e , a F f 1, b , a q e - b q n q 1 p .Ž . Ž . Ž .
1Ž .Thus, for every q g L 0, 1 with a y e F q F b q e , we have from Lemma
Ž . Ž .4 that f 1, q, a g np q b , np q p q b , and hence problem
Ž .Ž .Ž .2.1 1.2 1.3 has only the trivial solution in view of Lemma 2. Since f
Ž . < < w xsatisfies 1.4 , there exists R ) 0 such that for all x G R and a.e. t g 0, 1
we have
f t , xŽ .
a t y e F F b t q e . 2.9Ž . Ž . Ž .
x
EQUIVALENT CONDITIONS FOR SOLVABILITY 213
w xBy the Leray]Schauder principle 5 we need only to show that the
possible solutions of the following auxiliary problem
p t x9 9 q 1 y l a t x q l f t , x y h t s 0, 2.10Ž . Ž . Ž . Ž . Ž . Ž .Ž .
x 0 cos a y p 0 x9 0 sin a s 0, 1.2Ž . Ž . Ž . Ž .
x 1 cos b y p 1 x9 1 sin b s 0, 1.3Ž . Ž . Ž . Ž .
< < 1Ž .are a priori bounded with respect to the norm ? of C 0, 1 .1
1, 2Ž . Ž . < <On the contrary, suppose that x g W 0, 1 , l g 0, 1 with x “1n 0 n n
q‘ are such that
Xp t x 9 q 1 y l a t x q l f t , x y h t s 0. 2.11Ž . Ž . Ž . Ž . Ž . Ž .Ž .n n n n n
Denote
< <y s x r x ,1n n n
<q t s f t , x t rx t as x t G RŽ . Ž . Ž . Ž .Ž .n n n n
<s a t as x t - R ,Ž . Ž .n
h t s f t , x t y q t x t y h t .Ž . Ž . Ž . Ž . Ž .Ž .n n n n
Ž . Ž .From 2.9 and 2.11 we have
a y e F q F b q e , 2.12Ž .n
< <h t F h t , for a.e. t g 0, 1 , n s 1, 2, 3, . . . , 2.13Ž . Ž . Ž . Ž .n
1Ž .where h g L 0, 1 and
X < <y1p t y t 9 q 1 y l a t y t q l q t y t q l x h t s 0.Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . 1n n n n n n n n n
2.14Ž .
1Ž . Ž . wWe may assume that q ' q in L 0, 1 from 2.12 and 11, Theoremn 0
x 1Ž . Ž . Ž .8.8 , and that y “ y in C 0, 1 from 2.13 and 2.14 by going ton 0
2, 1Ž . Ž .subsequences if necessary since y g W 0, 1 . Integrating 2.14 over0 0
Ž .0, t and taking the limit as n “ ‘ we have
Xp t y 9 q 1 y l a t q l q t y s 0,Ž . Ž . Ž . Ž .Ž .0 0 0 0 0
2, 1Ž . Ž .a contradiction since y / 0, y g W 0, 1 , and a y e F 1 y l a q0 0 0 0
l q F b q e . The proof is complete.0 0
From Theorem 1 and Lemmas 2 and 4 we have
1Ž .THEOREM 2. Let a, b g L 0, 1 with a F b, then the following statements
are equi¤alent.
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Ž . w x Ž .1 For e¤ery Caratheodory function f : 0, 1 = R “ R satisfying 1.4
1Ž . Ž . Ž .and e¤ery h g L 0, 1 , problem 1.1 ] 1.3 has at least one solution.
Ž . Ž Ž . . Ž Ž . .2 Either there exist c g H p, 0, 1 , a , b , d g H p, 0, 1 , a , bn nq1
Ž Ž . .with c - d such that c - a F b - d or there exists e g H p, 0, 1 , a , b0
such that b - e.
Ž . 1Ž .3 For e¤ery q g L 0, 1 satisfying a F q F b, we ha¤e that problem
Ž .Ž .Ž .2.1 1.2 1.3 has only the tri¤ial solution.
Ž . Ž . Ž .4 Either np q b - f 1, a, a F f 1, b, a - np q p q b for some
Ž . Ž .fixed nonnegati¤e integer n or f 1, b, a - b , where f t, q, a is the unique
Ž .solution of problem 2.6 .
3. SOME APPLICATIONS OF THEOREM 1
In this section we discuss applications of Theorems 1 and 2. Let us first
consider problem
x0 q kx9 q f t , x s h t , 3.1Ž . Ž . Ž .
x 0 cos a y x9 0 sin a s 0, 3.2Ž . Ž . Ž .
x 1 cos b y ek x9 1 sin b s 0, 3.3Ž . Ž . Ž .
w xwhere k g R is fixed, f : 0, 1 = R “ R is a Caratheodory function, and
Ž .a ,b g R with 0 F a - p , 0 - b F p . It is easily seen that Eq. 3.1 is
equivalent to
ek t x9 9 q ek t f t , x s ek th t . 3.4Ž . Ž . Ž . Ž .
Ž . k t Ž . Ž Ž . .If p t s e for a.e. t g 0, 1 , and q g H p, 0, 1 , a , b , we denoten
Ž .q g H k, a , b . From Theorem 1 and 2 we have the following:n
w xCOROLLARY 1. Let f : 0, 1 = R “ R be a Caratheodory function such
Ž . 1Ž .that condition 1.4 is satisfied with a, b g L 0, 1 and q - a, b - q for1 2
Ž . Ž . Ž . Ž .q g H k, a , b , q g H k, a , b . Then problem 3.1 ] 3.3 has at least1 n 2 nq1
one solution.
 4n  4nq1 w xLet t , s ; 0, 1 with 0 s t - t - ??? - t s 1, 0 s s - si is0 j js0 0 1 n 0 1
wŽ .2 2 2 x Ž .2 Ž .- ??? - s s 1, q s t y t k q p r4 t y t , t g t , t ,nq1 n i iy1 i iy1 iy1 i
wŽ .2 2 2 x Ž .2 Ž .i s 1, 2, . . . , n, q s s y s k q p r4 s y s , t g s , s ,nq1 j jy1 j jy1 jy1 j
Ž . Ž .j s 1, 2, . . . , n q 1. Then q g H k, 0, p , q g H k, 0, p . Therefore,n n nq1 nq1
from Corollary 1 we ha¤e
Ž .COROLLARY 2. Assume that 1.4 is ¤alid with q - a F b - q , thenn nq1
Ž .Ž .problem 3.1 1.6 has at least one solution.
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Ž .Ž .In what follows we focus on the solvability of problem 1.5 1.6 . From
Corollary 1 we have:
w xCOROLLARY 3. Let f : 0, 1 = R “ R be a Caratheodory function satisfy-
Ž . 2 2 Ž .2 2 Ž .Ž .ing 1.4 with n p - a, b - n q 1 p , then problem 1.5 1.6 has at least
one solution.
Ž .From 2.4 , if v t / np , we have1 1
v tan 1 y t v q v tan v t s 0. 3.5Ž . Ž .2 1 2 1 1 1
Ž . Ž Ž ..Denote the inverse of x “ x ctg 1 y t x, 0, pr 1 y t “ R by g. Let1 1
Ž . Ž . Ž .v g 0, prt , v s v q n prt , v s g yv ctg v t1, 0 1 1, n 1, 0 1 1 2, n , n 1, n 1, 0 11 2 1 1
Ž Ž . 2 Ž .q n pr 1 y t , q s v for t g 0, t , and q s v for2 1 n , n 1, n 1 n , n 2, n , n1 2 1 1 2 2 1
Ž . Ž .Ž .t g t , 1 , then q is a generalized resonant point of problem 2.2 1.61 n , n1 2
Ž Ž . .and q g H 1, 0, 1 , 0, p .n , n n qn1 2 1 2
2 2 ŽCOROLLARY 4. If the assumptions of Corollary 3 hold with n p n q
.2 2 Ž .1 p replaced by q , q or q , respecti¤ely, then problemn , n n , n q1 n q1, n1 2 1 2 1 2
Ž .Ž .1.5 1.6 has at least one solution.
Ž .2 Ž . Ž Ž ..2 ŽEXAMPLE 2. Let q s pr2 t for t g 0, t , q s np q pr2 r 12 1 1 2
.2 Ž .y t , then 3.5 is satisfied; e.g., q is a generalized resonant point.1 2
Ž Ž . . Ž .Moreover, q g H 1, 0, 1 , 0, p . Hence, from Corollary 4, if 1.4 holds2 n
Ž .2 Ž . Ž .Ž .and np - a F b - q t - 1r2n , then problem 1.5 1.6 has at least2 1
1 Ž . Ž 2 . Ž .Ž Ž ..one solution. But H q t dt s p r4 t q 1r1 y t np q pr2 “ q‘0 2 1 1
as t “ 0q.1
2 2 ŽCOROLLARY 5. If the assumptions of Corollary 3 hold with n p n q
.2 21 p replaced by q and q respecti¤ely, where n and n are nonnegati¤e1 2 1 2
Ž . 2 2 2 Ž .integers with n q n s 0 mod 2 , q s n p r4 t for t g 0, t , q s1 2 1 1 1 1 1
2 2 Ž .2 Ž . Ž .2 2 2 Ž .n p r4 1 y t for t g t , 1 , q s n q 1 p r4 t for t g 0, t , q s2 1 1 2 1 1 1 2
Ž .2 2 Ž .2 Ž . Ž .Ž .n q 1 p r4 1 y t for t g t , 1 , then 1.5 1.6 has one solution.2 1 1
Ž Ž . .Proof. The result follows from q g H 1, 0, 1 , 0, p .1 Žn qn .r2.y11 2
ŽNow we give some improvements of the main results Theorems 2.1 and
. w x2.2 of 1 . At first we point out that, in the hypotheses of the theorems, the
Ž .2 2constant A must satisfy A ) k y 1 p . This is trivial from Theorems 1.2,
w x1.3, and 1.4, the origin of the theorems. Hence, the main results of 1 can
be written correctly as
THEOREM A. Assume that
Ž . w x1 f , f : 0, 1 = R “ R are continuous.x
Ž . Ž . 1 Ž . Ž .2 A F b t F B, H b t dt - Ba q 1 y a A, where A, B ) 00 1 1
Ž .2 2 2 2are fixed such that k y 1 p - A - k p F B for some positi¤e integer k,
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and a is the minimal positi¤e root of the following equation:1
1 y a a
1r2 1r2 1r2 1r2A ctg A s B tan B .ž /ž /2k 2k
Ž .Ž . Ž . Ž .Then problem 1.5 1.6 has a unique solution if A F f t, x F b t for e¤eryx
Ž . w xt, x g 0, 1 = R.
Ž .THEOREM B. Let f satisfy condition 1 of Theorem A, and in addition
assume that
Ž . ‘Ž .2 A ) 0 is fixed, and for some positi¤e integer k, and b g L 0, 1 ,
we ha¤e
2 2k y 1 p - A F b tŽ . Ž .
A1r21 1r2b t dt - A q 2kA ctg .Ž .H ž /2k0
Ž .Ž . Ž . Ž .Then problem 1.5 1.6 has a unique solution if A F f t, x F b t for e¤eryx
Ž . w xt, x g 0, 1 = R.
Using Theorem 1 we can enlarge the above two theorems. In fact we
have the following
Ž .COROLLARY 6. Let 2 of Theorem A be satisfied and f be a Caratheodory
function satisfying
q t F a t F lim inf f t , x rx F lim sup f t , x rx F b t 3.6Ž . Ž . Ž . Ž . Ž . Ž .
x“‘ x“‘
Ž . ‘Ž .uniformly for a.e. t g 0, 1 , where a, q g L 0, 1 satisfying q - a - b. If
Ž Ž . . Ž Žk G 2, let q g H 1, 0, 1 , 0, p in particular we can choose q s k yky2
.2 2 . Ž . w x Ž .Ž .1 p and if k s 1, let a t s ‘ for t g 0, 1 . Then problem 1.5 1.6 has
w xat least one solution. Moreo¤er, if f : 0, 1 = R “ R is also a Caratheodoryx
function satisfying
a t F f t , x F b t 3.7Ž . Ž . Ž . Ž .x
w xfor a.e. t g 0, 1 , x g R. Then the solution is unique.
Proof. By Lemmas 2 and 3 we have
f 1, A , 0 g kp y p , kp .Ž . Ž .
w xCombining 1, Theorem 1.2 and Theorem 2 we have
kp y p - f 1, A , 0 F f 1, b , 0 - kp .Ž . Ž .
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‘Ž . Ž . Ž .Hence, for every a g L 0, 1 with a ) q we have f 1, a, 0 ) f 1, q, 0 s
Ž . Ž .Ž .k y 1 p . Using Theorem 2, it follows that 1.5 1.6 has a solution.
Ž . Ž . Ž .Ž .Suppose that both x t and x t are solutions of 1.5 1.6 . Denote1 2
1Ž . Ž . Ž . Ž . Ž Ž . Ž Ž . Ž ...x t s x t y x t and q t s H f t, x t q u x t y x t du , then we1 2 0 x 1 2 1
have
x0 q q t x s 0Ž .
x 0 s x 1 s 0.Ž . Ž .
Ž . Ž . Ž .If 3.7 holds, then a F q F b , and hence f 1, q, 0 g kp y p , kp . It
Ž .follows that x t s 0.
In a way similar to the proof of Corollary 6 we have
Ž .COROLLARY 7. Let 2 of Theorem B be satisfied and let f be a
Ž . Ž .Ž .Caratheodory function satisfying 3.6 , then problem 1.5 1.6 has at least one
Ž .solution. Moreo¤er, if f is also a Caratheodory function satisfying 3.7 , thenx
the solution is unique.
Consider the initial value problem
x0 q q t x s 0,Ž .
x 0 s 0, x9 0 s 1. 3.8Ž . Ž . Ž .
‘Ž . Ž . w x Ž .For every q g L 0, 1 with q t ) 0 for a.e. t g 0, 1 , problem 3.8 has a
Ž . Ž .unique solution x t . Define a continuous function f t byq
q1r2 t x tŽ . Ž .
f t s arctan , f 0 s 0.Ž . Ž .qx9 tŽ .
Then if q is of bounded variation we have
1
1r2df t s q t dt q sin f cos f d ln q , 3.9Ž . Ž . Ž . Ž .q q q2
and
11 11r2f 1 s q t dt q sin 2f t d ln q . 3.10Ž . Ž . Ž . Ž . Ž .H Hq q40 0
1Ž .COROLLARY 8. Let q , q g L 0, 1 satisfying 0 - q F q , if there exists1 2 1 2
a positi¤e integer n such that
11 11r2 < <np - q t dt y d ln qŽ . Ž .H H1 140 0
11 11r2 < <F q t dt q d ln q - n q 1 p .Ž . Ž . Ž .H H1 140 0
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Ž .Ž . w xThen problem 1.5 1.6 has at least one solution if f : 0, 1 = R “ R is a
Caratheodory function satisfying
q t F lim inf f t , x rx F lim sup f t , x rx F q t 3.11Ž . Ž . Ž . Ž . Ž .1 2
x“‘ x“‘
w xuniformly for a.e. t g 0, 1 .
Ž Ž . .Proof. Note that a - q - b, a g H 1, 0, 1 , 0, p , and b gn
Ž Ž . . Ž . Ž .H 1, 0, 1 , 0, p if and only if f 1, q, a g np , np q p . Hence, Theo-nq1
Ž .rem 2 and 3.10 imply the result.
2 2Ž . Ž . Ž . Ž .Let q t s q for t g t , t , q t s q for t g t , t , i s1 1 i iy1 i 2 2 i iy1 i
1, 2, . . . , m, and 0 s t - t - ??? - t s 1; q , q are positive constants.0 1 m 1 i 2 i
From Corollary 8 we have
COROLLARY 9. Let q - q and there exists some positi¤e integer n such1 2
that
2m m q1 i
np - q t y t y lnŽ .Ý Ý1 i i iy1 2q1 iy1is1 is1
2m m q2 iF q t y t y ln F n q 1 p .Ž . Ž .Ý Ý2 i i iy1 2q2 iy1is1 is1
Ž .Ž .Then problem 1.5 1.6 has at least one solution if f is a Caratheodory
Ž .function satisfying 3.11 with q , q replaced by q , q .1 2 1 2
Finally, we seek some generalized resonant points, which change sign on
w x0, 1 .
Consider problem
x0 q q t x s 0Ž .
x 0 s 0 s x 0 , 3.12Ž . Ž . Ž .
Ž . 2 Ž . Ž . 2 Ž .where q t s v for t g 0, t , q t s yl for t g t , 1 , and v, l ) 0.1 1
Ž .It is easily seen that 3.12 has a nontrivial solution if and only if
l cth l 1 y t q v ctg v t s 0. 3.13Ž . Ž .1 1
Ž . Ž . Ž . XŽ .Denote f s s s cth s 1 y t and f s s s ctg st , then f s ) 0 for1 1 2 1 1
XŽ . Ž . Ž . Ž . Ž .s ) 0 and f s - 0 for s g pr2 t , prt and f 0 s 1r 1 y t , f q‘2 1 1 1 1 1
Ž . Ž .s q‘, f pr2 t s 0, and f prt s y‘. Hence, there exists v g2 1 2 1
Ž .pr2 t , prt such that1 1
1
q v ctg v t s 0.11 y t1
EQUIVALENT CONDITIONS FOR SOLVABILITY 219
Ž . Ž .For v g v, prt , 3.13 has a unique solution l s l ) 0. Let v s np0 1 0 n
q v ; there exists l ) 0 such that l s l , v s v is the solution of0 n n n
Ž . Ž . 23.13 and l - l , n s 0, 1, 2, . . . . Denote q t s v for t gn nq1 n n
Ž . Ž . 2 Ž . Ž Ž . .0, t , q t s yl for t g t , 1 , then q g H 1, 0, 1 , 0, p if t ) 1r2,1 n n 1 n n 1
Ž .2 2 Ž Ž . .v - prt - 2p . Since n q 1 p g H 1, 0, 1 , 0, p , we have from The-0 1 n
orem 1 the following
w xCOROLLARY 10. Let f : 0, 1 = R “ R be a Caratheodory function such
that
a t F lim inf f t , x rx F lim sup f t , x rx F b tŽ . Ž . Ž . Ž .
x“‘ x“‘
w x Ž .2 2uniformly for a.e. t g 0, 1 , where q - a, b - n q 2 p , and t ) 1r2.n 1
Ž .Ž .Then problem 1.5 1.6 has at least one solution.
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